Equivalence between new and old forms for vertical component of VxD

W = ZxP/|ZxP| = (-q,p, 0)/V(pp+qq)
N = PxW = (-pr, —qr, pp+tqq) / V(pp+qq)

De*P = 0 = dp+teq+fr = dcosA cosd + e sinA cosd + f sing
D*W = (ep — qd) / cosd
DeN = (-dpr-eqr+ fpp +1fqq)/cosp = (frr + fpp + fqq) / cos¢p = f/ cosd

ONAO = WePxU /cosp = — sink/ cosd cosd
ONde = WePxV /coshp = cosh/cosd cose
dp/00 = NePxU = WeU = - cosA sin¢ / cosd
dp/de = N*PxV = WeV = —sinA sin¢ / cose

PeVxD = [p (cose df/de — cosd de/dp) + q (cosp dd/dp — cosd 91/ad) +
+ 1 (cos0 de/d0 — cose dd/de)] /R =

= {cosA cos¢ [cose (0N/de df/IN + dp/de 0f/dd) — cosd de/dP] +
+ sinA cos¢ [cosd dd/dp — cosd (IN/Ad /AN + ap/ad af/ad)] +
+ sind [cosd (0A/0d de/IN + dp/dd de/ddp) — cose (ON/de dd/IN + dp/de 0d/a)]} / R =

= {cosA cos¢ [cosA df/dN / cosd — sinA sin df/0dp — cosd de/dp] +
+ sinA cos¢ [cos¢p dd/d¢p + sinA df/dA / cosd — cosA sing af/d¢] +
+ sing [— sinA de/dN / cosp — cosA sing de/dp — cosAh dd/dA / cosd + sinA sing dd/d¢]} /R =

= {cos2A df/dN — cosh cos2¢p de/dp + sinA cos2¢ dd/dp + sin2A of/OA —
— sinA tan¢ de/dAh — cosA sin2¢ de/dp — cosh tand dd/IA + sink sin2¢p 0d/dp} /R =

= {0f/d\ — cosA de/d¢ + sinA dd/d¢ — sinA tand de/0N — cosA tand dd/oN} / R =

= {0f/d\ — cosA [d(e cosd)/d¢p + e sind] / cosd + sinA [d(d cosd)/dp + d sind] / cosd —
— tang [d(e sinA)/dA — e cosA] — tan¢ [d(d cosA)/dA +d sinA]} /R =

= {af/d\ — cosA d(e cosd)/dd / cosd + sinA d(d cosd)/ddp / cosd —
— tang d(e sinA)/dA — tand d(d cosA)/dA} /R =



= {af/oh — d(ep - dq)/d¢ / cosd — tand d(eq + dp)/dA / cosdp} /R =
= {cos¢ df/dA — d(D*W cosd)/d¢ + tan¢ d(fr)/oA} / R cosp =
= {cos2¢ d(f/ cosdp)/oh — I(D*W cosd)/dp + sin2¢ d(f/ cosp)/oAN} / R cosp =

= [0(D*N)/oA — d(D*W cos¢)/dd] / R cosp =

oMop = —rp/(pptqq) = - cosA tang
orMdv = —qr/ (pptqq) = — sinA tan@
0p/op = q/V(pptqq) = sink
dp/dv = —p/V(pp+qq) = — cosi

PeVxD = (3d/dp, de/dv, df/9N) /R =

= (INAw ad/aN + ad/ow dd/ad + ONAV deldh + ddp/av deldd + af/oN) /R =

= (- cosA tand dd/oA + sink dd/d¢p — sinA tand de/dA — cosh de/dp + af/dN) / R =

= (- cosA sin¢ dd/dA — sinA sing de/dA + cosd If/oA +
+ sinA cos¢p dd/d¢p — cosA cosd de/dp) / R cosdp =

= {-sin¢ [d(d cosA)/dA + d sinA] — sind [d(e sinA)/dA — e cosA] + cosd If/IA +
+ sinA [d(d cos¢)/dd + d sing] — cosA [d(e cosd)/dp + e sind]} / R cosp =

= {-sind d(d cos\)/d\ — sind d(e sinA)/dA\ + cosd f/IN +
+ sinA d(d cos)/d¢p — cosA d(e cosp)/dp} / R cosp =

= {-sind d(d cosA cosd + e sinA cosd)/0A / cosp + cosd af/oN +
— d(e cosA cos¢ — d sinA cosd)/dp} / R cosp =

= {sin¢ I(f sind)/dA / cosd + cosdp of/dA — A(D*W cosd)/dp} / R cosp =

= {a(f/ cosp)/oh — d(D*W cosd)/0dp} / R cosdp = [d(D*N)/o\ — o(D*W cosd)/dp] / R cosd



Proof that if D is horizontal, then (VxD)xP =D /R

NS = WePxU /cosp = —q/ (pp+qq) V(qq+rr) = — sink / cosd cosd

ONde = WePxV /cos¢p = p/(pptqq) V(rr+pp) = cosh/cos cose

0p/9d = NePxU = WeU = —pr/V(pp+qq) V(qq+rr) = — cosh sing / cosd
0p/de = NePxV = WeV = —qr/V(pp+tqq) V(qq+rr) = - sin\ sing / cosd
Z+(VxD)xP = [(cose df/de — cos¢p de/dd) q — (cosp d/dp — cosd 0f/ad) p] /R =

= [p cosd (/0N + 9§/0d 9f/0p) + q cose (IN/de df/ON + dd/de df/dd) —
—p cosp dd/d¢p — q cosp de/dp)] / R =

= {p (- sinA 9f/d\ / cosd — cosA sind df/dd) + q (cosA af/dA / cosd — sinA sing f/9¢) —
—p [0(d cosd)/dp + d sinp] — q [d(e cosd)/dp + e sind]} /R =

= {p (- cosA sin¢ 9f/dp) + q (- sinA sing df/d¢p) —
— cos¢ d(d cosA cosd)/dp — cosd d(e sinA cosd)/ddp — pdr — ger} /R =

= {= cos’\ cos¢ sind 9f/d¢ — sin*A cosd sing 9f/dd — cosp (- fsing)/dd + rfr} /R =
= {- cos¢ sing) af/a¢ + cosd sing If/dd + f cos’p + fsin’p} /R = f/R

Similarly, X*(VxD)xP =d /R, Y*(VxD)xP = e, and
(VxD)xP = D/R



